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Abstract. We establish the uniqueness of ground states of some coupled 
nonhnear Schrodinger systems in the whole space. We firstly use Schwartz 
symmetrization to obtain the existence of ground states for a more general 
case. To prove the uniqueness of ground states, we use the radial symmetry 
of the ground states to transform the systems into an ordinary differential 
system, and then we use the integral forms of the system. More interestingly, 
as an application of our uniqueness results, we derive a sharp vector- valued 
Gagliardo-Nirenberg inequality. 
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1. Introduction 



In this paper we are concerned with the uniqueness of ground states of 
the coupled nonhnear Schrodinger system: 

(1) -idt<Pj = AcPj + fij\<p, \^P4>j + Yl f^iMi r"" r" , 

where = 4>j{t,x) € C, x G W\ t > 0, j = 1,...,N. Here < p < 2/(n-2)+ 
(we use the convention: 2/{n—2)~^ = +oo when n = 1,2, and (n— 2)+ = n—2 
when n > 3), fij's and /Jjj's are couphng constants subjected to Pij = (5ji. 

The model ([1]) has applications in many physical problems, especially in 
nonlinear optics. An application of ([T]) comes from [1], the solution de- 
notes the component of the beam in Kerr-like photo-refractive media. 
The constant /ij is for self-focusing in the j*'* component of the beam. The 
coupling constant is the interaction between the i*"^ and the j*^ compo- 
nent of the beam. We refer to 0] for more precision on the meaning of the 
constants. Another application of ([T]) arises in [10]. When two optical waves 
of different frequencies co-propagate in a medium and interact nonlinearly 
through the medium, or when two polarization components of a wave in- 
teract nonlinearly at some central frequency, the propagation equations for 
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the two problems can be considered together as the following N coupled 
nonlinear Schrodinger-like equations for the case N = 2: 

idt(t)j + dlckj + Kj(t)j + {^^Pij\(t>i?^ 4>j + (^Yl liJ'^i^ = 0' 

where j = 1,...,N, denotes the complex amplitude of the j^^ electric 
field envelope, or the j^^ polarization component, pij^s , g^j's and Kj's are 
parameters characteristic of the medium and interaction. Especially, when 
Kj = and Qij = 0, it reduces to our model problem ([T]) where n = 1 and 
p = 1. 

To obtain solitary solutions of the system ([l]), we set <j)j{t,x) = e^^Uj{x) 
(uj G M) and transform the system ([T]) to steady-state coupled nonlinear 
Schrodinger equations given by 

(2) Uj — Auj = HjlUjl'^^Uj + "^2 j = l)---;-^- 

The concept of incoherent solitary solutions have attracted considerable at- 
tentions in the last ten years, both from experimental and theoretical point 
of view. The two experimental studies ^20j and [22j demonstrated the exis- 
tence of solitary waves made from both spatially and temporally incoherent 
light. These papers were followed by a large amount of theoretical work 
on incoherent solitary waves, see for example [H \W\ ITT] and the references 
therein. The energy functional of ([2]) is 

l=L 1=1 



1 " / 



This functional is well defined if Ui € H^{W^), by virtue of the embedding 
H^{W) ^ L2p+2(M") with < p < 2/(n - 2)+. We wiU always consider 
solitary waves with finite energy, and will be particularly interested in the 
least energy nontrivial solutions of which are named ground states in 
Physics. 

Let's recall some previous work about the ground states of ([2]) related to 
our research in this paper. In order to simplify the presentation, we shall 
concentrate on the system of two equations: 



(3) 



A solution u = (ui,U2) of ([3]) is called nontrivial if ui ^0 and U2 ^ 
simultaneously. The nontrivial weak solutions of ([3]) are equivalent to the 
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nontrivial critical points of the energy functional 
£i^)=l f (|Vni!2 + n? + |Vu2p + n2) 

in the Sobolev space H := H^{W^) x i7^(M"). Notice that any nontrivial 
solution of ([3]) has to belong to the Nehari manifold 

JR" 

= / (mnr'+2/3|nirv2r^+/^2nr')}- 

JR" ^ ^ 

Definition 1. T/ie nonnegative minima of the minimization problem 

(4) c:=inff(u) 

is called the ground state of 

In the case of a single nonlinear Schrodinger equation, the ground state 
exists j3] and was proved to be the positive solution of 

(5) Au-u + ^/2p+i = 0. 

The positive solution of ([5]) is radial symmetric about some fixed point [8] 
and is unique in the sense of moduling translations [12]. We denote it by uj 
hereafter. 

Quite differently from the case of a single equation, the existence of ground 
states solutions with multi-components of the system ([2]) is much more com- 
plicated than the single case and was studied quite well when fij > in the 
series of the papers O [El [2ll [23]. Roughly speaking, they proved that 
there always exist ranges of positive parameters Uj's, /Jjj's in ([2|), for which 
this system has a least energy solution, and ranges of positive parameters 
for which the energy functional can't be minimized on the Nehari mani- 
fold where the eventual solutions lie. Readers can consult these papers for 
further details. 

However, the uniqueness of positive solutions of the system ([2|) is a widely 
open problem, and to our knowledge no results have been already known in 
this direction. In our present paper, we discuss the ground state of ([2]) in 
the case /ij < 0, which has not been considered before, and we will prove 
that in this case the ground state is unique. The uniqueness of ground states 
when > remains open. To be precise, our result reads as follows. 



Theorem 2. Consider the steady-state two coupled nonlinear Schrodinger 
equations in M" 

Ml — Aui = /iijuip^ui -|- /3i|m2|''^"^|ui|'''~-^ui, 



(6) 
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in which < p < 2/{n — 2)^^. Assume that 

(7) W,^2<0, /?l,/32>0, /ii/?f = ^2/?f , 

and 

^(P+l)/2 ^(P+l)/2 

(8) //i + -|^3^>0 or /i2 + > 0- 

Pi P2 
T/ien the ground state of ^ exists and is unique up to translations. More- 
over, the ground state can be determined explicitly by 



(9) 



1^2 



(P+l)/2 



'l/2p 



ui = + j uj, 

^(p+i)/2\-l/2P 
U2= ^(p-i)/2 j 



where uj is the unique positive solution of 

As far as we know, there are only two results about the uniqueness of 
positive solutions to stationary Schrodinger systems. One is in The 
other one is in [16], where the radial symmetry and uniqueness results have 
been obtained for the non-negative solutions to the schrodinger system 

{I - A)u = vP,{I - A)v = u'^. 

One may see [6] for related uniqueness result. 

We now give some remarks about the conditions ([7]) and ([8|). 

Remark 3. The condition ^ implies that 



and hence in ^ 



^(P+l)/2 ^(P+l)/2 

Remark 4. It's easy to check that the special case 

(10) Ml = /i2 = Ai < 0, (3i = 02 = P and fi + P >0 

satisfies ^ and Conversely, any other constants satisfying ^ and (0) 
can be transformed to the case U0\} by scaling. In fact, set 

wi{x) := 01^1(2;), W2{x) := a2U2{x), 

where 01,02 > are the scaling constants. Then the equations ^ can be 
written as 

wi - Awi = -^wl^^^ + pj\+i w^wl'^'^, 

W2 - AW2 = ^wl^^' + 



UNIQUENESS OF GROUND STATES OF NLS 

The condition (Qj guarantees the existence 0/ ai , 02 > such that 

2p 2p ■ p-1 p+1 p-1 p+1 • P- 

Indeed, we can choose without loss of generality that 



anrf thus 

,?{P+l)/2 
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^{p-l)/2- 

T/ie condition ^ is just that fi + P > 0. 

Remark 5. The relation /i + /3 > in U0\) plays a crucial role to ensure 
that the Nehari manifold J\[ ^ %. 

As is well known, the sharp Gagliardo-Nirenberg inequality plays ex- 
tremely important roles in the quantitative analysis of blow-up solutions 
of the single Schrodinger equation. A large amount of work relies heavily 
on the sharp constant in the Gagliardo-Nirenberg inequality. We shall only 
quote here |181 [T9l [Ml [25l [26] where a comprehensive list of references on 
this subject can be found. As an application of Theorem [2l we can obtain a 
sharp vector-valued Gagliardo-Nirenberg inequality. To our experience, the 
sharp vector-valued Gagliardo-Nirenberg inequality we obtain here would 
play some non-negligible roles in further studies of Schrodinger systems. 

Corollary 6. Let < p < 2/{n — 2)"*" and K-n.p be the sharp constant in the 
single valued Gagliardo-Nirenberg inequality, that is, 



Assume the constants fi, (3 satisfy 

/X < 0, and f3 > 0. 

Then we have the two vector-valued Gagliardo-Nirenberg inequality below. 
That is, y ui,U2e 

(11) A^|hl|l2p+2 + 2/311^^1^*2 llptl +^ll'"2|l2p+2 

in which the sharp constant K-n,p,p,,i3 is determined by 



i^n,p,ti,P — 2P '^n,p- 
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Remark 7. // one uses Holder inequality directly, one can only get a vector- 
valued Gagliardo-Nirenberg inequality like 

2p+2 , n/o|U,,„ l|P+l , , i|2p+2 



/^lkl|l2p+2 + 2/3||^^1^^2||p+i +^11^2 

^ / : o\ f II ||2p+2 2p+2 

<(// + /?) (^||^^l|l2p+2 + ll^2|l2p+2 

<{fl + (3) (||ni||^p+2 + ll^^2||ip+2)^^^ 



2p+2 



2 



p+1 

< (^ + /3)/C„,p( (||ni||^ + ||u2||2)"^^+^(||Vni||^ + ||Vn2||2)^ ' 



'J 112 




= (/X + /3)k:„,p (llmlli + 11^2 lli)^"''""^/' (llVuJi + ||Vu2||i)"^/^ , 

in which the constant (/x+/3)/Cn,p ^-5 in strong contrast with the sharp constant 
+ l3)ICn,p/2P . In fact, the sharp constant relies heavily on the explicit 
expressions of ground states. 

Remark 8. Somewhat surprisingly, our arguments to prove Theorem\^and 
corollary can't he generalized to the N coupled Schrodinger system with 
N > 3. So we have to leave the case N > 3 as an open problem. For 
the scalar Gagliardo-Nirenberg inequality in its general form, one may see 
E.Hebey's book [9]. 

To prove Theorem O we only deal with the standard case ([TO]) of ([6]) , 
as what we have explained in Remark [H In section 2, we use Schwartz 
symmetrization to prove that the minimization problem (jl]) can be achieved 
by a positive solution of the system ([6]), which indicates the existence of 
ground states in a more general case. In section 3, we transform ([6]) to 
a system of ordinary differential equations (ODE) by virtue of the radial 
symmetry of positive solutions of ([6]). Then by the comparison technique of 
ODE, we arrive at the uniqueness of positive solutions of ([6]). Since all the 
ground sates must be positive solutions of ([6]), we conclude that the ground 
state is unique. In section 4, we prove the sharp vector-valued Gagliardo- 
Nirenberg inequality (Corollary [6]) in detail. 



2. Existence of ground states 

This section is devoted to the proof of the existence of ground states of 
([6|) in the case 

(12) /ii,;U2<0and + (3 > 0, //s + /? > 0. 

The existence of ground states of ([6]) when fii, fJ-2 > has been extensively 
studied in the papers O ITU EU |23] using the method of Schwartz sym- 
metrization. We declare that this symmetrization method still works for 



UNIQUENESS OF GROUND STATES OF NLS 7 

the case (I12p under our consideration. Since our proof would have many de- 
tails different from the ones in the preceding papers, we will give our proof 
thoroughly for the purpose of completeness. We point out that our proof, 
which combines the analysis in [2] and p[^, could be seen as a simplified 
version of their arguments. 

We have the following proposition, which asserts that all the critical points 
of the minimization problem ([4]) must be weak solutions of ([6]) in H. 

Proposition 9. // the minimization problem ^ is attained by a coupled 
u € Af, then u is a solution of 

Proof. The proof of Proposition [9] is similar to the one in [2] . Let 
Q{n):= {\Vui\^ + u\ + \Vu2\^ + ul) 

- [ (^mf +2 + 2P\mr'\n2r' + f,2nf^') . 

We have for each ijj = {ipi,ip2) £ H that 

2 ^ 

2 ^ 

< Vg(u), t/- >=2 V / fVui • + Ui^i -{p + l)^inf 

-2(p+i)V/ /3kr^Kr^^/i^.. j+i. 
i=i -^K" 

Suppose that u = (ui,U2) G is a minimizer for £ restricted on Af, then 
the standard minimization theory yields an Euler-Lagrange multiplier L G M 
such that 

V^(u) + LVa(u) = 0. 

Setting C7(u) =< V£'(u),u >= in the expression < S/£{u)+LVQ{u),u >= 
0, we obtain that 

L (|Vuip+u? + |Vn2p + ni) =0, 

which implies that L = 0, thanks to u ^ 0. □ 

Next, we use Schwartz symmetrization to prove that the minimum c in 
dH) can be achieved by a positive solution of ([6]) as in [15j. The following 
lemma |14] is at the heart of our argument. 
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Lemma 10. Let u* be the Schwartz symmetric function associated to u, 
namely the radially symmetric, radially non-increasing function, equi-measurable 
with u. There hold for 1 < p < oo that 

|Vn*p</ iV-up, VueH^iW), u>0; 



I \u*\P= [ \u\P, VnGLP(i?'^), u>0; 
{u*)P{v*y> [ uPyP, yu,veL^P{W), u,v>0. 



After these preparations, we now state and prove the main result in this 
section. 

Theorem 11. Assume U^) . Then the ground states of exist and are 
positive solutions of 

Proof. With the help of Proposition [9l we see it remains only to verify that 
the minimum of c in ([5]) can be attained by a pair of positive functions in 
M. Define 



and 



c := in^f (u) 



The conditions m + P > 0, fi2 + f3 > ensure that M ^ %,Jl i= ^. It's 
obviously that c < c. 
Step 1. Noting that 

£{u)>-^ [ (\Vui\'^ + ul + \Vu2\'^ + ul)>0, Vug AT, 

the definition of c makes sense. Since £{ui,U2) = £{\ui\, \u2\), we can take 
a nonnegative minimizing sequence {u^} of c. We use C to denote various 
constants independent of Uk. By Sobolev embedding and /ii,/i2 < 0, it 
follows that for all uj. G AT that 



\\Uk,l\\2p+2\\uk,2\\2p+2 
< 2'-"^'='^"2p+2 + ll'"fc,2||2p+2) 

<C [ (|Vufc,i|2 + + |Vufc,2p + UI2) 

^ (^m^y^ + 2p\nk,,r'\uk,2r' + /^2<2^') 



< c 



< C(3\\uk,l\\lpl2\\uk,2\\2t+2^ 
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which imphes that ||iifc,i||2p+2 11^*^,2 > C > 0. Let = (iifci5W^2) 
the Schwartz symmetrization of u^. . By lemma [TO] one checks easily that 

(13) U^GAT, ||Ufc^i||2p+2|K,2l|2p+2 > C" > 0, 

and is also a minimizing sequence of c. By the well-known compact 
embedding from radial symmetric functions in H^(W^) to L^p+^(R") |25|, 
one can assume that u* in L^p+^(M") x L^p+2(M"). By Fatou's lemma, 

u* G AT, and 

c = S{u*). 

Moreover, from (fT3]) . we deduce that u* ^ 0,^2 ^ 0- 
Step 2. We claim that 

/ / *2p+2 , not *ip+lt *\p+l I *2p+2 

Suppose not, we have 

[ {\Vul\^ + uf + \Vu*2\^ + uf) 
Jr" 

< [ (/iinf^+V2/3htrV^ri + ^2nf^+' 

Then u* belongs to the interior of AT, that is, u* is an interior critical point 
of £{u), and this leads to 

V^(u*) = 0, 

which implies that u* is a weak solution of (|6]). Multiplying (|6|) by u* and 
integrating over M"' by parts, we have 

[ (|V<|2 +nf + iVn^p +nf ) 

= / (/xmf + 2p\uir'\u*2r' + /i2nf ^+') , 

which is a contradiction. 

Step 3. Prom Step 1 and Step 2, we have that 

c = c = £{u*). 

By Proposition [U u* is a nonnegative solution of ^ such that li* ^ 0, U2 ^ 
0. The maximum principle applied to each single equation in dHj) suggests 
that > 0, M2 > 3,nd the proof of the existence of ground states of ^ is 
finished. 

Step 4. We assert that all the ground states must be positive solutions 
of ([6]). In fact, Proposition [9] demonstrates that all the ground states are 
nonnegative solutions of ([6]) and each component of the solutions is nonzero. 
By the strong maximum principle, these solutions must be strictly positive. 
The proof of Theorem [TT] is complete. □ 
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3. Uniqueness of ground states 

We are now in position to prove the uniqueness of the ground states in 
the case 

^1 = ^2 = M < 0, and fi + (3 > 0. 

The positive weak solutions of ^ in H when /3 > were proved to be 
regular enough, be radial symmetric up to translations, and decay to zero 
exponentially as \x\ +oo in [5l [16]. If we denote 

ui(x) = ui{\x\) = ui{r), U2{x) = U2{\x\) = U2{r), 

we are then led to the following ODE system: 



(14) 



By the radial symmetry again we have that 

<(0) = n'2(0) =0. 
Integrating (jl4p from to r we have 
(15) 

Integrating once again from to r we achieve 
(16) 

' u,ir) =ni(0) + /;ti-"/o*s"-V(s)-M/;ti-"/o*s"-^nr'(s) 

-/?/;ti-"/*."-i<nr\.). 

We claim that ui(0) = ^2(0). If else, suppose that ui(0) > U2(0) for 
example, and define 

Ro:=sup{R; VrG(0,i?), ui{r) > U2{r)}. 
R>0 

We indicate that Rq = +00. Otherwise, by continuity we have 
(17) ui{Ro) = U2{Ro). 

However, from (|16p . and the facts that for all s £ (0, Rq) 

ui{s) - U2{s) > 0, 

-P (<ur^(.)-nX^^(.)) >0, 
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we have 

ui{Ro) - U2{Ro) = (ni(0) - tx2(0)) + / t^"" / s''-\ui{s) - U2{s)) 

Jo Jo 

Jo Jo 

f-Bf) ft 



which is a contradiction with (llTh . A further fact about ui and U2 is that 
(ui — U2){r) is nondecreasing as r goes into infinity. Indeed, from (fT5]) we 
have 

nUr) - 4(r) = r^"" T ^-^(ni - U2) - ^r^"" T e-\ulP+^ - uf+^) 
Jo Jo 

l~n / P+1 „,Po,P+l 



- /3r^-" / t"-^(<n^+^ - > 0, 

Jo 

where the inequahty follows from ui > U2- Thus we have 
liminf(tii - U2){r) > ui{0) - U2{0) > 0, 

r—^+oo 

which contradicts with the fact that ui, U2 — > as r — > +00. Similarly, one 
can show that tii(O) < M2(0) is also impossible. 

Now we have ni(0) = U2{0) and n'^(O) = ^2(0) = 0. We deduce from the 
standard uniqueness theory of the Cauchy problem of the ODE system that 

Ui= U2 = u, 

where u is the positive solution of 

Au-u + {fi + = 0. 

Since the above equation has only one positive solution [12] up to transla- 
tions given by 

^x = (/i + /3)-V2p^, 

we arrive at the uniqueness of positive solutions of ([6]), and the proof of 
Theorem [2] is finished. 

4. Sharp vector- valued Gagliardo-Nirenberg inequality 

In this section, we derive the sharp vector-valued Gagliardo-Nirenberg 
inequality (Corollary [6|) as an application of our uniqueness result of ground 
states and the method of [25] (see also ff]). We define the following manifold 

M := {ui,U2 G H\R^y, fi\\ui\\llXl + 2(3\\uiU2\\lXl + /u||n2|||+^ > 0}, 

and consider the minimization problem 

a := inf v7(u), 
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(18) 



where 

, _ (llnilli + \\u2\\lY^^-^^l\\\Vu,\\l + WVu^WlT'l^ 

^ y^l II ||2p+2 , r,«ll llP+1 2p+2 

It's obvious that the sharp constant in the vector- valued GagUardo-Nirenberg 
inequahty (fTT|) is 

r -1 

a 

Applying the same method exactly as in [25j , we assert that the minimum 
of a can be achieved by a pair of positive solutions nj,n2 of 

ul - Aul = i^ufP^^ + /Juf +^uf , 
u*^ - Au*2 = f^ufP+^ + l3ulP+\*/, 

Multiplying (jlSp by u* and integrating by parts over M", we have 
l|Vn*||2 + \\u*\\l = f,\\u*\\l;ll + m^Xtl 

which yields 

(19) ^ ||Vu*||i + ^ = + 2p\\uluXXl 

j=i j=i j=i 

Moreover, the Pohozaev identity for (llSp reads 



n 



^^/^EiKe:2+2/3iK-2iK 



From ([12]) and ([20]), we get that 



*||2 
■j\\2i 



|[V7,,*||2 _ »P y^2 ||„*||2 



j=l II V ".j 112 - 2p+2-np Z^i=l Il^jll2' 

which gives 

(np)"P/2(2p + 2 - np)i-"P/2 



:^(u*) 



2(P+1) 




Since we have already known by Theorem [2] that the positive solution of 
(fTSj) is uniquely determined by 

we arrive at 

*N _ (^P)"^^^(2p + 2-np)i-"P/2 / 2 2 
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And therefore 

^ ^ 2(P + 1) ifi + P) ^ if^ + P) r 

"'"'^'^ (np)"P/2(2p + 2-np)i-"P/2||^||2p 2p 2p 

where the fact |25j that 

2(p + 1) 



(np)"P/2(2p + 2 - np)i-"P/2|[a; 
is used, and this completes the proof of Corollary \6\ 



|2p 
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